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Abstract 

A method to construct noncommutative instantons as deformations from com- 
mutative instantons was provided in [lj. Using this noncommutative deformed in- 
stanton, we investigate the spinor zero modes of the Dirac operator in a noncom- 
mutative instanton background on noncommutative M 4 , and we modify the index of 
the Dirac operator on the noncommutative space slightly and show that the num- 
ber of the zero mode of the Dirac operator is preserved under the noncommutative 
deformation. We prove the existence of the Green's function associated with in- 
stantons on noncommutative M 4 , as a smooth deformation of the commutative case. 
The feature of the zero modes of the Dirac operator and the Green's function de- 
rives noncommutative ADHM equations which coincide with the ones introduced by 
Nekrasov and Schwarz. We show a one-to-one correspondence between the instan- 
tons on noncommutative M 4 and ADHM data. An example of a noncommutative 
instanton and a spinor zero mode are also given. 



1 Introduction 

Deformation Quantization, introduced by Flato et al [2] provided an idea for the 
method of quantization, whose crucial point is not to employ the representation 
space, and treat it from purely algebraic point of view. It might be worth to 
apply this idea to gauge theories for geometry and physics. We attempt to study 
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noncommutative instantons in the context of the deformation quantization, which 
is one of the important problems in gauge theories. 

Nekrasov and Schwarz [3] discovered noncommutative ADHM equations and 
constructed noncommutative instantons using the ADHM construction [3]. (In the 
following, we call these solutions briefly noncommutative ADHM instantons.) This 
work initiated the study of noncommutative ADHM instantons, and at present there 
is a large body of work on this problem [5]. Several noncommutative instantons have 
been discovered, by the ADHM method. However, some of them like U(l) instan- 
tons do not smoothly connect to commutative instantons. in mm m m el 
the topological charge of a noncommutative ADHM instanton is studied, where it is 
shown that the topological charge is given by an integer and coincides with the di- 
mension of a vector space appearing in the ADHM construction. (Strictly speaking, 
the proof of the equivalence between the topological charge defined as the integral 
of the second Chern class and the instanton number given by the dimension of the 
vector space in the ADHM construction is not completed. In jS], this identification 
is shown when the noncommutative parameter is self-dual for a U (N) gauge theory. 
In , the equivalence is shown with no restrictions on the noncommutative param- 
eters, but a noncommutative version of the Osborn's identity (Corrigan's identity) 
is assumed.) However, the relation between the topological number and the corre- 
sponding numbers in the commutative space had not be clarified. Moreover, the 
calculation in (7J [8] shows that the origin of the instanton number is deeply related 
to the noncommutativity. 

On the other hand, we have constructed previously new noncommutative de- 
formations of solitons in gauge theories. These deformations smoothly connect a 
commutative soliton to a noncommutative soliton [T| \12\ \13\. In the following, we 
call these smooth noncommutative deformed instantons SNCD instantons for short. 
The SNCD instantons have a formal power series expansion in the noncommutative 
parameter, and the leading terms are instantons in commutative space. In particu- 
lar, this produces instanton solutions on noncommutative M 4 which are deformations 
of instanton solutions on commutative M 4 . We showed that the instanton numbers 
of these noncommutative instanton solutions coincide with the commutative instan- 
ton numbers on R 4 . Thus, it is natural to ask if there is a correspondence between 
the SNCD instantons and the noncommutative ADHM construction. Answering 
this question is the main purpose of this paper. 

In the section 3.3 in [3], the completeness of the noncommutative ADHM con- 
struction is already discussed without any proofs. In this paper, we give a complete 
proof for the completeness for the SNCD instanton. The procedure of the proof is 
basically followed by the commutative case. One of the crucial points for the differ- 

1 There are several noncommutative instanton solutions whose commutative limits have been studied, 
and some of them are constructed without the ADHM method [6]. 
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ences to the commutative case is to observe the decay properties for the instantons 
on the noncommutative 4-space which has been obtained in [I]. Moreover, we have 
to have the asymptotic behavior of the zero modes of the Dirac operator associ- 
ated with the SNCD instanton, the index of the Dirac operator, and the Green's 
function with the SNCD instanton background. In this article, we first investigate 
zero modes of the Dirac operator associated with the SNCD instanton. We give a 
(modified) index of the Dirac operator on the noncommutative space. It is shown 
that this index is determined by the index associated with the commutative instan- 
ton. We show the existence of the Green's function with the background SNCD 
instanton. Using these properties, we derive the noncommutative ADHM equations 
from the SNCD instanton. The ADHM equations coincide with the ones discovered 
by Nekrasov and Schwarz [3j[5]. We construct one example of a SNCD instanton 
deformed from a k = 1 BPST instanton in commutative M 4 , and we check its con- 
sistency with the theorems in this article. In the Appendix, we show that there is 
one-to-one correspondence between the ADHM data and the SNCD instantons. 

This paper is organized as follows. In Section 2, we set the notation and review 
basic facts about star products and SNCD instantons. In Section 3, we show that 
the (modified) index of the Dirac operator is constant under noncommutative defor- 
mations. In Section 4, we construct the Green's function for the noncommutative 
Laplacian. In Section 5, we prove the main result, that the ADHM equations de- 
rived from noncommutative instantons are the same as the equations constructed 
by Nekrasov and Schwarz. In Section 6, we give a worked example of a noncom- 
mutative instanton. Section 7 is the conclusion. In Appendix El some extension 
of the completeness relation of the Dirac zero modes is derived. In Appendix |Bl 
we show the one-to-one correspondence between ADHM data and noncommutative 
instantons, and in Appendix we discuss constraints imposed by the choice of the 
U(N) gauge group. 

2 Notations, Definitions and Known Facts 

Noncommutative Euclidean 4-space M 4 is given by the following commutation rela- 
tions of the coordinates: 

[x», x% = x^ * x u - x u * x^ = iO^, n, v = 1, 2, 3,4 , (2.1) 

where (9^) is a real, x-independent, skew-symmetric matrix, whose entries are 
called the noncommutative parameters. * is known as the Moyal (or star) product 
|14j . To consider smooth noncommutative deformations, we introduce a parameter 
h and a fixed real constant — oo < 6q U < oo with 

= he^. (2.2) 
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We define the commutative limit by letting H — > 0. 
The Moyal product is defined on functions by 

f(x)*g(x) := /(^expQV^^^z) 

n=l ' ^ ' 

Here 9^ and ~§ v are partial derivatives with respect to x^ for fix) and to x v for 
g(x), respectively. 

Moreover, we consider ^-expansions functions f(x) (formal power series in H 
with the values in C°°(1R 4 )) in the following: 

00 

f(x) = Y J f [n) (*W, (2-3) 

n=0 

where f (n) (x) £ C°°(M 4 ). We mainly consider each f (n) (x) £ C°°(M 4 ) nL 2 (M 4 ). We 
extend the Moyal product to the above fields (|2.3p and also to other fields like spinors 
h linealy. In the following, we consider all subjects by using this formal expansion 
and solve equations (Dirac equations, etc.) recursively in increasing orders of K. 

We often use order estimates in the radius \x\. If s is a function on R 4 and 
s = 0(|x| _m ), the "natural growth condition" is defined by \d^s\ = 0(\x\~ m ~ k ). In 
this article, this natural growth condition of gauge fields and spinor fields is always 
required. □ 

We define a Lie algebra structure by [T a ,Tfe] = / a 6 C T c , where the generators 
T a are anti-Hermitian matrices. In this article, U(N) (N > 1) gauge theory on 
noncommutative M 4 is considered. The covariant derivative for a some fundamental 
representation field f{x) is defined by 

D^f(x):=d fl f(x) + A^f(x), A„ = A^T a . (2.4) 

A gauge transformation of A is given by A — > A + g * dg~ l , where g is an element 

of the gauge group G = {g \ g' * g = I nxn }- Here g has a formal expansion 

00 

g = ^2g {l) h l . As we see in [T2J and Appendix [Cj g^ * g = I is equivalent to an 
z=o 

infinite hierarchy of algebraic equations which we can solve recursively starting with 
the H° term. The Laplacian is defined by 

A A *f :=D»*D^f. (2.5) 

2 s = 0'(|a;|- m ) is defined by s = 0{\x\~ m ) and \d*s\ = 0(|a;|~ m " fc ) in [15]. We do not use this symbol 
C>'(|a;| _m ) because it is not standard in physics. 
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The curvature two-form F is defined by 



F := -F^dxP A dx v = dA + A A *A, (2.6) 



A f\-kA:= -(Aft * A u )dx^ A dx v . (2.7) 



where A* is defined by 

1 

2 1 

Let 5 = S + © S~ be the spinor bundle of M 4 . We define and cr^ by 

(oi,o-2, <7 3 , (74) := (-in, -ir 2 , -ir 3 , 1 2 x2), 

(0-l,0-2,O-3,04) := (iTl,iT 2 ,iT3,l2x2), (2.8) 

where Tj are the Pauli matrices: 

-(! J)— (? o)— (J-0- 

and ^2x2 is the identity matrix of dimension 2. Note that 0^ = 0^. °> an d °m are 
a 2-dimensional matrix representation of the quaternions such, i.e. 

0>0V + 0V0> = o^ov + oi/Ojt = 25^. (2-10) 
We define and a^ v as 



'iui/ •— 7(0^0^ _ 01/0//), 0^ := 7(0^°"^ ~~ 0i/0ju), (2-11) 



1, , 1 

7^(0^0*/ - 0I/0//J, 0^ := ^( 

which are the components anti-selfdual and selfdual two-form, respectively. The 
Dirac(-Weyl) operators V A -k : T(S + <g> E)[[h]] -»• r(<S~ © #)[[£]] and P A * : r(5~ 
-> r ( 5+ ® are defined by 

V A -k := * and t> A -k := o^J* , (2.12) 

respectively. 

Instanton solutions or anti-selfdual connections satisfy the (noncommutative) 
instanton equation 

F + = i(l + *)F = , (2.13) 

where * is the Hodge star operator. Note that in this article instantons are anti- 
selfdual connections, not selfdual connections. Formally, we expand the connection 
as 

00 

^ = X>J^- (2.14) 

1=0 
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Then, 

Ap-kAy = Yj h l+m+n —A ( ^C^) l A^\ (2.15) 



l,m,n=0 

where 



Using the selfdual projection operator 
1 + * 1 

the instanton equation is 

P^, P rF pT = 0. (2.17) 
In the noncommutative case, the Z-th order equation of (|2,17p is given by 

P^idpA® - 3 T A^ + i[A«,40] + c-») = 0, (2.18) 



where 



(p; m,n)e/(Z) P " 

I(Z) = {(p; m, n) G Z 3 |p + m + n = I, p, m, n > 0, m 7^ Z, n ^ I}. 

Note that the zeroth order equation is the commutative instanton equation with so- 
lution Ap a commutative instanton. The asymptotic behavior of the commutative 
instanton A^ is given by 

4°) = g^d^f 1 + 0(|*|- 2 ), gWdtfQ)- 1 = 0(\x\-i), (2.19) 

where g(°' , the zeroth order term in the expansion of g, is an element of the gauge 
group in commutative space. We impose a boundary condition that is a natural 
extension of (j2.19|) : 

A ll = g*dtf- 1 + 0(\x\- 2 ), g + dg- 1 = 0(\x\- 1 ). (2.20) 

In [I], we found a solution of (|2.18p . which we call a SNCD instanton. The order of 
the SNCD instanton is given by 

4) = 0(|x|- 3+£ ) ,Z = 1,2,3,..., (2.21) 
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for arbitrarily small e > 0. We denote (|2.21j) by A® = 0(|x|~ 3+e ) for simplicity. 
We proved also that the instanton number of SNCD coincides with the instanton 
number of A^ : 

^2 J trF A * F = / trFm A F(0) • ( 2 -22) 

For a later convenience, we introduce covariant derivatives associated to the 
commutative instanton connection by 

£><?>/:= M / + 4°>/, (2.23) 

and the Laplacian associated with the commutative instanton connection by 

Aff := D( >Dj®f. (2.24) 

Let us introduce a h- valued pairing for formal expansions f(x),g(x) G (C°°(IR 4 )n 
L 2 {R 4 ))[[h}} as 

</,<?>* := / c/ 4 x(/t(x), 3 (x))*. (2.25) 



Here ( , )* is the ^-valued point wise product used in Euclidean scalar product 
with contraction of spinors or tensors, that is (f'(x),g(x)) ir is defined by 

(f\x),g(x))*:=f^>"^*g^ n . (2.26) 

Since each /(") and g^ are in C°°(M 4 ) n L 2 (M 4 ), we obtain 



dV (n) W^ (ra) W = 0. (2.27) 



then 



(/,<?)* = / d*x(J(x)\g(x)) 

oo „ 

= E / ^ E (/(*) +(fc W (z))ft n i (2-28) 

n=0 ^ R4 k+l=n 



where (f^ (x), g(x)) is defined by (f^ (x), g(x)) := /^ 1 '"' /Xn 5 , w ...^ n - We also use the 
usual L 2 inner product, that is for h independent function f(x),g(x), we set 

(f(x),g(x)) := [ d A xf\x)g{x). (2.29) 



If f(x) and are not scalar functions, we regard f*{x)g(x) as a point wise 

production with contraction. 

We note that our formal space (C°°(]R 4 ) n L 2 (M 4 ))[[/i]] is considered only as a 
formal expansion space. 
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3 The Index of the Dirac Operator 



In this section, we investigate zero modes of the Dirac operators acting on the 
formal expansion space. The index theorem for the Dirac operator in a noncommu- 
tative ADHM instanton background was studied in [16], where it was shown that 
the number of zero modes of the Dirac operator equals the instanton number of 
the background instanton in the ADHM construction. In our case, we start with a 
commutative instanton and deform it into a SNCD instanton. The relation between 
SNCD instantons and ADHM instantons will be clarified by using the theorem 13.31 
proved in this section. To construct the ADHM data from SNCD instantons, we 
have to investigate the spinor zero modes and the index. In Section [5] these results 
will be used to derive the ADHM equations. 

In this article, we treat the index theorem in a formal deformation setting. The 
usual index is defined by the difference between the kernel and the cokernel of the 
Dirac operator. In our context, the differential operators like the Dirac operator 
act on (C°°(]R 4 ) n L 2 (R 4 ))[[h}] that is considered only as formal expansion space. 
We introduce a (h- valued ) inner product in the formal expansions, we employ the 
orthonormal bases as in (|3,20p . and then we define the modified index as (|3,27p . 

We consider operators acting on the weighted Sobolev spaces 

W S ' P = | ^2 W&^Wpj-j =■ IMU, P ,<5 < ooj, (3.1) 
j<k 

where j = j\ + fa + fa + fa , 9^ = c^ 1 d^ 2 c^ 4 , and 

i 

p < oo. (3.2) 

Here |u(x)| = V v^u. See |17j for the properties of weighted Sobolev spaces used 
here. We do not introduce the norm from the pairing (|2.25p usual to complete 
spaces of h - expansions. We deal with the Hilbert spaces (Sobolev spaces) as usual 
L 2 -space step by step for h - expansions. 

Let V A * : T(5+ E) [[h]] -> T(S~ E) [[H]] and V A * : T(S~ <g> E) [[/»]] -> T{S + 
E)[[h]} be the Dirac operator defined by fj2. 121) . By the Weitzenbock formula, 

V A * V A = A A + a + F + , (3.3) 
V A *V A = A A + a~F~ , (3.4) 

where a + F+ = 2a^ v F+ , a'F' = 2a^ v F~ v and A A = D» * D^. Assume that 
A is a noncommutative anti-selfdual connection, i.e. F + = 0. We consider the h 



{(1 



—8p—4 



u(x)\ p dx 
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expansion of ip G <g> £)[[&]]: 

oo 

v> = ^rv {n) . (3.5) 

n=0 

Set 

KerV A * := { V G T(5 + ®fi)n L 2 (5 + ® E)[[h}] 

\V A *i/; = 0er(S- ®E)[[h]} }. (3.6) 

As in the commutative case, we obtain the following theorem. 

Theorem 3.1. Assume that A is a SNCD anti- self dual connection. Then IfT>A* 
ip = for ip^ £ L 2 , we have tp^ = for all n, i.e. KerT>A* = 0. 



Proof 1. We show this theorem by induction. The zeroth order term T>a * ip = 
is V^ip^ = 0, and this equation only has the solution ipW = 0. We assume that 
the ip^ = (k <n). The equation of order n + 1 is 



o = n 



ra+l 



+ ^4 n+i )v (0) + J2 ^yK4°(^)> (m) ) > 

(p; l,m)el(n+l) P ' J 



so ip( n+ V = 0. □ 
We investigate the zero modes of T>a*- Set 

Kert> A * ■= { $ G r(<S~ <g> E) D L 2 (5" <g> 

| P A *v; = G T{S + ®E)[[h]] }. (3.7) 

By expanding ip £ T(S~ <g> as 

oo 

V5 = ^rV5 (n) , (3.8) 

n=0 

the zeroth order equation of T>a * V> = is 'D^ip^ = 0, and there are k linearly 
independent zero-modes for a commutative instanton A^ whose instanton number 
is —k. We define ipi (i = 1, . . . , k) as 



n=0 
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where ipf^\i = 1, • • • , k) are a basis of the k independent zero modes of T>^ ' . 
The n-th order equation of T>a * ?/> = is 

{ (p; l,m)£l(n) P ' 

= h n {vf4 n) + Hi n) }, (3.10) 
where = and 

H f) =d P A (n)^) + —^aPA^C^Y^) fornGN. (3.11) 

(p; l,m)el(n) P ' 

We can solve these equations recursively in the order in h, so iJ- is determined by 
Eq. (|3.10p . T>j[ in Eq. (|3.10p has A; zero modes. We denote an orthonormal 
basis of KerV^ by r/j (z = 1 . . . Note that il}" is orthogonal to Kerfx^ 
with respect to usual L 2 inner product : 

= / ^(vfH^r,, = -{Hf\T>f m ) = 0. (3.12) 

Then we get 

'*^" , =E<*- S 4<5)< ,i^ ^" , • < 3j3 > 

j=l U A 

where a?„ • are arbitrary constants. Here — denotes integration over R 4 

vfvf 

against the Green's function of D^T^a • Note that the ambiguity in the a 3 ni are 
occur only in the coefficients of the zero modes of the commutative Dirac operator 
■ a L' sa constant matrix in general, because the symmetries realized in matrix 
representations remain after noncommutative deformation. 

We denote K(x,y) by the kernel function of (T>^''D^')~ 1 . We recall the Weitzen- 
bock formula, 

The following is known (cf. see [T7j, Theorem 1.7): 

K(x,y) = — £_ + 0(_L_). (3.14) 

\x — y\ z \x — y\° 

In the following, we consider ip := (ipi, . . . , i/i^), H := (Hi, . . . , i^) as matrices. 
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Theorem 3.2. Assume that A is a SNCD anti- self dual connection. Let ip = (tpi) 

oo 

a zero mode ofT>A* as above. Then 



n=0 



4 H) = E<^--^M^Ht\ (3.15) 



j=l A U A 



Vj 



°(M~ 3 )' -l^m V A )H( i n) = 0(M- 5+e ), (3-16) 



and 



oo k 

^ = E£<^)^ + °(l x l" 5+£ ) ^ = 0(\x\^). (3.17) 

n=0 j=l 

Proof 2. We prove this theorem by induction, (i) By A2.21]) , A^ k > = 0(\x\~~ 3+t ), 
so we obtain 

ff« = a"A^^ + (aPAfX%i>^) = 0(|xr 6+t ). (3.18) 

From K(x,y) = iSm, we have _, m Pi 0) ijW = 0(|x|" 5+£ ). The detailed 

derivation of this equation is similar to the proof of Proposition 1 in JT^. rji = 
0(|x| -3 ) is a well-known fact (see for example f75l [7g| / and Appendix\Bty. Using 
r}i = 0(|x|~ 3 ) and 113.13]) , we obtain 

^« = o(|x|- 3 ). (3.19) 

(ii) Assume 

k 
3=1 

Then we obtain = 0(|x|- 6+e ) and fr } ln , £> ( , 0) ff(" +1 ) = 0(\x\- 5+e ) . 

A A 

Therefore, tpf"' = Zlj=i a n,iVj + 0(\x\~ 5+€ ). □ 

Note that this theorem implies that each t/A n ) 6 L 2 (S~ (g) -E 1 ). 
We give a canonical choice of zero modes of 2?a* by introducing a formal or- 
thonormalization of the zero modes of T>^-k. Let $q be a zero mode of T>a*. Formal 
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expansion of the pairing (^,^0)* (defined by p. 25]) ) is given by 

jRi 4 n =ot + i=« il4 

= EK4^o)] ( "^ n . (3.20) 

n=0 

Here we use the decay condition ^0 — * as \ x \ ~~ * 00 • The inverse of the formal 

x x 1 

power series of ^2a {n) h n with a (°) ^ is defined by ^b {n) h n , where 6 (0) = -j-r 

n=0 n=0 a 

1 71—1 

and &( n > = ^yj] a(n ~ i)6(i) - Since (4° )+ »4 0) > ^ °> its formal inverse is defined 

by 

. 00 

(4,$o)*y :=E^K4^o)^] (n) , (3.21) 



n=0 



where [("00; V'o)* 1 ]'™' > is determined by 



71-1 



[<&&>* i ] (n) = -i^Ei(i^)] M i(i^ _1 i (i ' ( 3 - 22 ) 

Wo >^0 ) i=0 

This construction allows us to construct an orthonormalization. Let the 2N x k 
matrix ^ be a zero mode of T^a*- We set the following orthonormal condition 

d i xi>Ui> = I kxk . (3.23) 

The Z-th order equation in h for (|3.23p is 

k k 

E / ^(EW-«? t )(E^-«?) = ¥ifl. ( 3 - 24 ) 

where 

W? = -ra©? ) ^ ( " ) . (3-25) 

Gram-Schmidt orthonormalization determines the constants a? n i recursively. We 
introduce a linear space that is expanded by these formal orthonormalized zero 
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modes 



KerV A * ■= {ip i> = ^2 Citpi, tpi G KerV A -k , ip^ = Vi, 

i=i 

/ d 4 x-0j * ^ = S ij ,c i ec\. (3.26) 

We recall the index for the Tf)\ is defined by 

Ind ft° A := dim kerP^ - dim kerP^ 
as usual. We define the modified index for the Pa* as 

Ir^d jp A -k := dim KerV A * -dimKerf> A * . (3.27) 
Thus we have the following theorem. 
Theorem 3.3. If Ind fl A = —k, then fnd Jf) A -k = -k . 

Note that this Ind JJ) ' A * is not index in usual sense. One reason is that the V A -k 
and the V A -k are not Fredholm operators because we consider formal power series. 
Another reason is that KerV A -k / KerV A -k {KerV A -k c KerV A *). For example, if 
tjj = ^ n ^ ijl) is a zero mode of f> A *, then ij/ = ^ h n+k ^ n ^ is also a zero mode 

n=0 n=0 

for arbitrary integer A;. We find that ^' G KerV A -k but ?// Ker2?4*. However, 
in our context, it is a natural extension of the index of usual commutative space, 
because the dimension of the Ker is essential for the construction of the ADHM 
data and the relation with the instanton number. 

4 Green's Function 

In this section, we construct the Green's function for A^. The definition of the 
Green's function is 

A A *G A (x,y) = 5*{x-y), (4.1) 

where 

Jd 4 x5*(x-y)*f(y) = f(x). (4.2) 
Note that if f(x) is smooth, 

J d 4 x5*(x -y)* f(y) = J <?x8*{x - y)f{y). (4.3) 
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Then, we do not distinguish 5+(x — y) and 8{x — y) in the following. H 
We expand (|4.ip in h: 



!f : A^G^(x,y) = S(x-y) (LI) 
,(o) r (i) 



ft 1 : AfG { }\x,y) + [A A *Gf(x,y)}V = (4.5) 



fi n : A^G^ (x, y) + [A A * £ /^(x, y)] <"> = 0. (4.6) 

0<fc<n 



We solve (|4.4p - (|4.6p recursively as 

G%\x,y)= [ d 4 wGf(x,w)[A A * £ h k G%\w,y)]V> . (4.7) 

J 0<k<n 

Note that G^\x ,w) was constructed in |19 ^ 120^ l21j . and 

Gf(x,y) = 0(\x- y \- 2 ) . (4.8) 
From (I2TT9]) and (l2~2Tjl A® = 0(|x|~ 3+e ) we found that 

0<fc<n 

Therefore, 



[A A Yl K k G%\x,v)] {n) = 0(\x - y\~ 5 ) . (4.9) 



G%\x,y)=0(\x-y\- 3 ) . (4.10) 

5 From Instantons to The ADHM Equations 

In this section we derive the ADHM equations from a noncommutative instanton. 

We let * x denote * with respect to the variable ). Let ipi (i = 

l,...,k) be orthonormal zero modes of T>a* and set matrix ip = (ipi) as in Section 
131 The concept of completeness in the Hilbert spaces is extended to the one in 



3 This discussion might be too naive. To avoid any risk of error, we should define GA[x,y) by 
A a * G A (x, y) = 5(x - y). 



14 



formal expansion spaces, and we obtain the following identity for arbitrary functions 
f(x),g{y)- 

d 4 x d 4 y f(x)* x $(x)fi(y)* y g(y) (5.1) 

JR 4 Jr 4 

'd 4 x / d 4 y{f(x) * x 5(x - y) * y g(y) 

R 4 JR 4 

-f(x) * x V A * x G A (x, y) * y V A * y g(y)}, 

The proof for (|5.ip is given in Appendix [XJ For consistency, we impose the com- 
mutation 

\x»v v \ - I ^' (x = y) ' (5 2) 

[X ' y J * _ i 0, (x^y). ■ (5 - 2) 

In the following derivation of the ADHM equations, we use the completeness 
condition and the asymptotic behavior of the zero modes of the T> A * given by 
Theorem 13.21 

We first define T' 1 by 



d 4 x- (V * V f * if) + ^ * ip * x M ) (5.3) 
2 V / 



Here we use / d 4 xd fl (ip^ -kip) = in the second and third equalities in (|5.3|) . which 

Jr 4 

follows from ip = 0(\x\~ 3 ) (see Theorem 13.21 ). Then, 



T"T" = / d 4 x / d*y(x»* x $Hx)* x $(x))(ft(y)*y$(y)* v y v ) (5.4) 
Jm 4 jr 4 

Using (|5.ip and integration by parts, (|5.4p becomes 

JR 4 

+ / dS£ / A(^^V' t (x)a p )* a; GA(a;,y)*j / P^*j / (^(y)^^) 



S 3 

d 4 x I d 4 y(ft{x)a^) * x G A {x,y) * y V A * y (ip(y) * y y v ), 
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where dSx = \x\ 2 x^dVL and dQ, is the solid angle. The first term is deformed as 
follows. 

d 4 x x M * $ * $ ★ x v 

d 4 x(ft * $ * x u * x' 4 + [a^, ^ * * x^ + * ^ * x f]^ 
d 4 x * ^ * a" ★ x» + iBWdpifi * $) * x u + i9» v ft * $) 
d 4 i (5.5) 



Here ip = 0(\x\ 3 ) is used in the third equality. By integration by parts again, we 
get 

rpf_lrpl/ 

(5.6) 



+ / dSP / dSW * x ft(x)a p ) * x G A (x, y) * y (oMy) * y y v ) (5.7) 
Js* Js 3 

dS p x I d 4 y(x^* x ^{x)a p )* x G A (x,y)* y (a^(y)) (5.8) 

d A x [ dSUfl(x)a> l )* x GA(x,y)*y(a T $(y)* y y 1/ ) (5.9) 

+ 1 d 4 x [ d 4 y(fi(x)a»)* x G A (x,y)* y (*^(y)). (5.10) 



([5.7]) and ()5.9[) vanish when i? y — > oo, where is a radius of Sjj. (IBTTO]) will 
vanish on the selfdual projection [T^,T U } + := P^ ,pr [T p , T T ] (see (| 2 . 1 6 j) ) . because 
a^a v — a u a^ is anti-selfdual with respect to the fj,, v. Thus only (|5.6p and (|5.8p 
remain. 

We introduce an asymptotically parallel section g~ l S of 5 + ® £7 by 

^- = _^W + 4 

fp 

where <S is a constant matrix, x^ := (tuX^, $ '■= t "4>&2, and * means transposing 
the spinor indices. (See also Appendix [Bj) Recall that A has asymptotic behavior 
given by (|2.20p . and note that * g^ 1 — > as r — > oo. Using these facts and 
T>A * ip = 0) we can prove that ip has the expression (15. lip by direct calculations 
similar to the commutative case. Note that ip and if) have one-to-one correspondence 
and -k ipa^ = iff V A * 4> = (see Appendix EJ. 
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Let us introduce \ by 



Lemma 5.1. x given asymptotically by 



X 



x 



+ 0(\x\ 



Proof 3. Consider 



Here 



and 



A A *(\xW) = 8^ + 4x^(Z^*V) + |a:r(I> M *D M *^) + 0(|a;| 



x^(^*0(|x|- 4 )) = Ofla;| 



Using h5.15\) and i5.16\) , we have 



Note that 



and 



Thus, we get 



x^D^*^ = -34> + 0(\x\- 4 ). 



L^*Z> M *0(|x|- 4 ) = Q(\x\ 



D^D^ 9 ^- = 0{\x\- G ) 
\x\ 



D^-kD^-k^ = Q(\x\ 



From (fOTD and 



* (|x| 2 V>) = —4-0 + 0(|x|- 4 ) 



(5.12) 
(5.13) 

(5.14) 
(5.15) 

(5.16) 

(5.17) 
(5.18) 

(5.19) 

(5.20) 
(5.21) 



Applying the Green's function and using |^.<gp and §4jJ~0h we <? e ^ the desired result. 

□ 
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Note that 



By this relation and the asymptotic behaviors of x an d ip, (15. 8p becomes 

ltr(rfSa*o v ), (5.22) 
8 

where the trace tr is taken with respect to the spinor indices. 

In the [T»,T U ) + combination, (gSD becomes -i9^ u+ = -iP^P T 6P T . 

Then from (|5.6p - (|5.10p and the definition of [T^,T U ] + , we obtain the following 
theorem. 

Theorem 5.2. Let be a SNCD instanton, and ip be the zero mode of T>a* 
determined by A^ as in Section^ Let TP,S be constant matrices defined by A5.3\) 
and \5.11\) , respectively. Then, they satisfy the ADHM equations: 

[t m T u ]+ = l tr (rf s ^ _ iG ^+I kxk . (5.23) 
These ADHM equations are the same as those given by Nekrasov and Schwarz 

®. 

In [3] , it is shown that instantons can be constructed from ADHM data satisfying 
(I5.23p . The spinor zero modes of the Dirac operator in a background of noncommu- 
tative ADHM instantons are studied, and the index of the Dirac operator is given in 
[16j . The question of whether there is a one-to-one correspondence between ADHM 
data and instantons is answered affirmatively. 

Theorem 5.3. There is a one-to-one correspondence between ADHM data satisfy- 
ing (5.23\) and SNCD instantons in noncommutative M 4 . 

The proof for this theorem is given in Appendix iBl 

It may be useful to note the relation between Theorem 13.21 and the term S in the 
ADHM data. S is given as the coefficient of the 0(|x| -3 ) term in jp, and Theorem 
13.21 implies that the 0(|x| -3 ) term is a zero mode of 2?j? . For example, when we 
consider k = 1, there is only one zero mode tp. One might think that the 0(|x| -3 ) 
term in each is proportional to ft ', and S^ n ' is also proportional to S(°\ but 
this is not true in general, due to gauge symmetries and global symmetries, can 
also be expanded as a power series in h (see Appendix [C]) . For example, ipQ> is 
given by 

\x 4 
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As a result of this twisting by (g^)^\ is not proportional to in general, and 
so tr(S^ Sa^a u ) is not proportional to tr(S^ S^a^a u ). In fact, taking the trace of 
(|5T23|) shows that Tr{tr(S^ Sa^a v )} is deformed by the noncommutative parameter 
from to ik8^ u+ , where trace Tr is taken with respect to the k x k matrix indices. 



6 Example 

In this section, we compute a simple example of a noncommutative instanton that 
is deformed smoothly from a commutative one. The notation used in this section is 
given in Appendix lB.il 

We start from a U(2) BPST instanton in commutative M with the instanton 
number k = — 1 [22J. Its ADHM data is given by 

T^b", S= ( P n ° ), p,b»£R. (6.1) 



The ADHM data (O) satisfies 



p 



[T^,T U ] + = ^tr(S^Sa^). 

We deform the ADHM equations to the (|5.23p . For simplicity, we set 

9 12 = -9 21 = h, 9^ = ((/,, v) £ (1, 2), (2, 1)) (6.2) 
in this section. Then the ADHM data satisfying (|5.23[) deforms to 



Note that the data (|6.3p connects smoothly to f)6. 1 j) in the commutative limit, and 
the noncommutative deformation of the ADHM data is not unique. By setting 
yfj. _ x fj. _ 5/^ the solution of * V = O is given by 

^=(W2)=(*jf ), (6-4) 

where Vi is a 4- vector and 



M := -(^/)^ ^ ^±—y^y u ). (6.5) 
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Here (07^)* 1 is defined by 1 * i&^y^) = hx2- Expanding M as M = 

oo 

^M (fe) ft fe , we have 



k=0 



2x2, 



M« =M + 0(\x\~ 2 ), M = - 



1 o 

-1 



(6.6) 



where y := y^cr^ and := y^Ou- We set the orthonormalization condition = 
^2x2 for the solution of ★ V = O. This normalization is not elementary because 
of the * product, even if we use the Gram-Schmidt process, i.e. 



Vi 

v 2 



= V 2 -V^(V^V 2 ), 

= v 2 J -*\v 2 ± \: 1 , 



(6.7) 



where \Vi |* 1 is defined by \Vi\ * \ Vi\+ 1 = 1. The explicit expressions for V\ and V 2 
are given by 



( Z2 \ 

-zi 

-p 
V o j 

+o{h 2 ) + 0{\x\- 2 ) 



+ 






M 2 -kll 2 

V 2z lZ2 ) 



(6.8) 



V 2 = 



( zi \ 

z 2 


V -p J 

+o(h 2 ) + o(\x\- 2 ), 



V\v\ 2 + p 2 



+ 



2p\y\* v W+P 2 



( o \ 



2z 2 z\ 



where z\ = y 2 + iy\ and z 2 = y± + iy$. Finally, we obtain 



V = {VyV 2 ) 



,t 



^/[yYTp 1 V M(0) + hM(1) 



+ 0{K z ) + 0{\x\- 2 ). (6.10) 



(6.9) 
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For this V, the SNCD instanton is given by 
A ll = vUd lx V 

_ ^(0) , h ( ~P °\q f 1 ( \ Z *\ 2 ~ N 2 2 ^1 

11 V\v\ 2 + p 2 V W ^2Hy|VM 2 + p 2 V 2 ^i^ M 2 -M 2 



ft / |z 2 | 2 -|zi| 2 2z 2Zl \ ( -p 

2p|y|Vlyl 2 + /° 2 V 2 ^^2 N 2 -M 2 /V p 7 ~VM 2 + p 2 

+0(/i 2 ) + 0(|x|- 4 ), 



where Affl is a commutative instanton from |22| : 



A (0) = VjJ2x2±oyy^ 



y\ 2 + /0 2 



(6.12) 



^ , the term in proportional to h in (|6.11j) . is 0(|x| -3 ), and this fact is consistent 
with (|2.2ip (see also pQ). As we show in Appendix IB.2( the zero mode of T>a* is 
given as $ = k(y\c)*f, where C and / are defined in Appendix lB.il Substituting 
our ADHM data and (jSTTUj) . we get 

$ = ^(0) + ^(i)+O(/i 2 ) + O(|x|- 4 ) 

= ^(°) + jM^ + 0(h 2 ) + 0(\x\~ 4 ) 

ir(\y\ 2 +p 2 )2 

= ^ (0) + ^7W + O(/i 2 ) + O(|xr 4 ), (6.13) 

TT \H \*J 



where ip^ is a zero mode of T> ? . 

^ = - " P 2 ^ 2X2. (6.14) 

(|y| 2 + p 2 ) 2 

By TheoremE21 the 0(|x|" 3 ) term in the (|fi7T3]l should satisfy D^^a^ = 0, as 
in this example, 

(^+4 0) )(^3- M )^ = °- ( 6 - 15 ) 

This equation is easily verified by direct calculation. 

7 Conclusion 

Noncommutative deformations of zero modes for the Dirac operator with SNCD 
instanton backgrounds, the Green's function for SNCD instantons, and the ADHM 
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equations are investigated. From Theorem l3.ll Theorem l3.2l and the solutions (|3,13p . 
we find that there are no new zero modes of T>a* and 'Da*, so the (modified) index of 
the Dirac operator is unchanged under noncommutative deformation. The asymp- 
totic behavior of the zero mode of Va* is computed. In particular, the 0(|a?|~ 3 ) 
terms in the zero modes of T>a* are obtained from the zero modes of the Dirac oper- 
ator in commutative space. This result implies that the term S in the ADHM data is 
constructed from a linear combination of the corresponding S in the ADHM data of 
commutative R 4 . The Green's function with a background SNCD instanton is also 
constructed recursively. Using these zero modes and the Green's function, we de- 
rive the noncommutative ADHM equations and prove a one-to-one correspondence 
between the ADHM data and SNCD instantons. One simple example is studied 
as confirmation of our results: we deform k = — 1 BP ST instanton into the SNCD 
instanton via the ADHM method. Consistency checks are verified by comparing the 
term proportional to ft in the SNCD instanton and the zero mode of the T^a*- 

Our method is based on the ft expansion, which means that noncommutative 
instantons whose commutative limits are singular, such as U(l) instantons, are not 
considered in this article. The relation between the ADHM equations and a noncom- 
mutative instanton with a singular commutative limit remains to be investigated in 
a future work. 
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A Derivation of (15.11) 



In this section, we derive (15. ip . The identity for commutative space is proved by 
|23|, I24j . We extend the identity to our formal expansion space. Let us introduce a 
ft- valued spinor propagator P(x, y) = T^So P { x i y)^ i n a fc-instanton background 
by 



-fD lx *P{x,y) = 8{x-y) 



k 
n=l 



*n(aOn(v). 



(A.l) 
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7" = I ° r ] (A.2) 



where we use 7-matrices 

x cr^ 

and zero modes $ n (s) of the Dirac operator j^D^. We expand (|A.1|) in ft: 

,(°)^W(o), 



7^(°)p(°)(x,y) = 5(z-y)-]T*PV)^ t(0) (y), (A.3) 
^D^P^(x,y) = RW(x,y), 



^D^p(- n \x,y) = R {n \x,y), (A.4) 



where 

:= -/AWp(°)(i,y)- £ t^?^)^^) 

(Z ;k,m)el(n) 

In the [23], the existence of P(°\x,y) satisfying (|A.3|) is shown. We can solve 
recursively (|A.4|) for p( n \x,y)(n = 1,2,3,...) by separating p( n \x,y) into two 
parts by chirality and using the similar way of Section [3J Then we find that there 
exist P(x,y) = ^= ^ W 0> v)t? such that (JUJ). 

Next, we derive (|5.ip . Similar to [23], we take the form 

*<'-*>-UV ( o v) ). (A - 6> 

then s(x,y) and y) satisfy 

P A *s(x,y) = S(x-y), (A.7) 
= 5(x-y)-J2$i(x)$(y). (A.8) 

i=l 

Here ^(x) is a zero mode of Va* given in Section [3j s(x,y) is obtained as 

8(x,y)=V A * x G A (x,y). (A.9) 
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By multiplying P'(z, x) from left side of (jA.ip . we obtain 

-s(z,y) + d A x s r^ i {z)i>\{x)* x s{x 1 y) = s\z,y). (A. 10) 

4 u 

Because of ()A.9p . 

it k n k 

/ d i x s S^^ i (z)i)\{x)-k x s{x,y) = - d A x^i)i{z)(t> A -k x -4)i(x)) ] )-k x GA{x,y) 

= 0. 

Then the following relation is obtained: 

six,y) = -s\x,y). (A. 11) 

From (TO) . (TO) and (|A~Tll . we obtain ([5TTj) : 

ip(x)fl (y)-ky = * x 5(x -y)* y - * x * x G a (x, y) * y V A * y ■ 

B A One-to-One Correspondence between In- 
stanton and ADHM Data 

In this Appendix, we prove a one-to-one correspondence between ADHM data and 
SNCD instanton solutions. It is shown that instantons can be constructed from 
ADHM data satisfying (|5.'23p in [3]. The spinor zero modes of the Dirac operator in 
a background of noncommutative ADHM instantons are studied, and the index of 
the Dirac operator is given in [16J . In this paper, we show that the index of the Dirac 
operator does not depend on noncommutative parameters and the ADHM equations 
are constructed from SNCD instantons in this article. The proof to show the one-to- 
one correspondence between ADHM data and SNCD instantons is completed if we 
show the completeness and the uniqueness. We will prove the completeness and the 
uniqueness in subsection IB.2I and IB.31 respectively. In commutative R 4 , there is the 
same one-to-one correspondence (see for example (23J [251 (13 I2S] . ). Many parts of 
the proofs for the completeness and the uniqueness are parallel to the commutative 
cases. 

We use the asymptotic behavior of the SNCD instanton (|2.21|) and the spinor 
zero modes (|3.17p and other results derived from the decay conditions as needed 
throughout. 
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B.l Notation for The ADHM Construction 

In this subsection, we set the notation for the ADHM construction. (N + 2k) x 2k 
matrices C and V are defined by 

C:=( ° Nx2k V V " ( S 



hkx2k J' 'V v^-TO) 
From this definition, we have 

a M V = a^C. (B.l) 
If and S satisfy the ADHM equations (|5.23p . we have the following: 

V f * V = S^S + ofeffx" - T") * (x v — T v ) = ( _ D ° k * k ) , (B.2) 

V t^fcxfc u / 



where 



□ : = htr(D^D) + 2T^ + |x| 2 , 

-5 



D=^ T J. (B.3) 

Here T = T^oy 

Let us introduce the (N + 2fc) x TV matrix V satisfying 

vUy = o, (B.4) 

W*F = j^, (B.5) 

V*V^ = V +2fe )x(JV+2fc)-V*/*V t . (B.6) 

Here 

/ == □* 1 , (B.7) 

and we define g" 1 , the inverse of g, by g * g^ 1 = 1. 
We obtain a noncommutative instanton solution as 



A^vUd^V. (Bi 
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B.2 Completeness: ADHM => Instanton => ADHM 

In this subsection, we start with ADHM data satisfying the ADHM equations (|5.23p 
is given. 

We can obtain an instanton from this ADHM data as in [3]. We show that we 
can reproduce the ADHM data from the instanton. 

In this subsection, V is associated to the given ADHM data. 
Let us introduce ip by 

i> = t i><72, 

where the transpose * is with respect to spinor indices. Using o^cr^o^ = — *(Tu, we 
find that 

T>a * V> = 44> Dfj, -k tjja^ 1 = 0. (B.9) 
Therefore, to show T>a * t/j = 0, it suffices to prove * ipa^ = 0. 
Lemma B.l. Set ip 

4> = ^a 2 = -V^(Cf), (B.10) 

7T 

where V and f are defined in the previous subsection \B.1\ with respect to the given 
ADHM data. Then ip satisfies 

★ ipa* 1 = 0. (B.ll) 

Proof 4. 

ttD^*^ = D^(VU(Cf))a^ 

= + (F f * 9/) * yt) * (C//) + W * * 9,,/ (B.12) 

= * (1 - V * V^) * (Co-^) -VU (Co-^) * 0„(Vt * V) * /, 

where we use I = / * (Vt * V) . Using 1 - V * V 1 " = V * / * V f , tElE) becomes 

a M yt * ( V * / * v t) * (CV7) - W * ( c^/) * cy vt * v) ★ /. 

Differentiating o/VUV = 0, we (fyV^V = -V+S^V = -V^a^C. Therefore, 
nD^a* = (B.13) 
- W * I (Ca M / * Vt) * (CW/) + 4(C/) * C+ V * / - 2(C/) * Cft V * /} . 

.Srnce V'C = a v (x v — T v ) and a^Oya^ = —2a u , the first term in IIB.13\) equals 

-y+*(c^/*v+)*(C(^/) = -yt^c^/*^(x^-r>^/ 

= 2VUCf*&V*f. (B.14) 
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□ 



Then we obtain 

ttD^ * ^a^ = 0. 

Next, we show the following lemma. 
Lemma B.2. Let ip be the zero mode ofD^-k defined by $B.1(A) . Then, 

^*^ = -^d 2 f- ( B -!5) 

Proof 5. 



\tr((fC*)*V*Vi*(Cf)) 



7T 2 

= ■^tr((/Ct)*(l JV+2fc -V*/*Vt)*(C/)), (B.16) 
where tr denote the trace with respect to spinor indices. By definition, 
(/C+) * (V * / * Vt) * (Cf) = / * ((x" - T> M ) * / * {a v {x v - T u )) * /. 

(B.17) 

Differentiating 1 = / ★ where □ is given by W. 3\) , we get 

f * (a v (x» - T u )) * / = ~d v fa v . (B.18) 



Using iB.18\) . (BAT) can be rewritten 



as 



2*K/ * / + of * - * ^/). (B.20) 



(/Ct) * (V * / * Vt) * (C/) = -1/* ((^ - T^o-fjt) * (^/o"). (B.19) 
5mce (fC^) * (C f) = f * f , tr a^Gv = tr 5^ V1 and by $B.19\) . W. 1 6\) equals 

7T Z 2 

From d 2 (□*/) = d 2 l = , we obtain the following identity: 

f*f + \f*{x»-T»)* d,f = - l -d 2 f. (B.21) 
Using this identity in liB.20\) . we obtain 

ft * $ = ^tr{U 2 f) = ~^d 2 f. (B.22) 



□ 
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For the next step, we show orthonormality. 

Lemma B.3. If ^ is a Va* zero mode given above, we have the orthonormal con- 
dition 

af x = 1. (B.23) 
Proof 6. Define \x\~ 2 by |x| 2 *|x|~ 2 = 1. Explicitly, we have 

= tK?+0{\x\- & ). (B.24) 
\x\ 



Then, 



f = D- 1 = \x\~ 2 * (1 + l*r(Z)t£>)|x|- 2 - 2T^ * |x|" V- (B-25) 



By IKM) . (KM) and (B 



fli{j = 5\x)+d 2 0( y \x\- 3 ), (B.26) 
and therefore we obtain f d A x ffi'tp = 1. □ 

Now we can show the completeness; that is to say, we can show that the original 
ADHM data can be reproduced from the noncommutative ADHM instanton by the 
definition flOl and ([fTIT]) . 

Theorem B.4. Let T and S be ADHM data and let A be a noncommutative in- 
stanton constructed from the ADHM data. Let tjj be the spinor zero mode of T>a 
given above. Define T' and S' by 

T" 1 = [ d A x ★ $U 



~ = 4 (B27) 

\xr 



Then 

T = T' and S = S'. 
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Proof 7. 

= (B.28) 

XTie proof /or S = S' is given by a direct calculation similar to the commutative 
case. □ 

B.3 Uniqueness : Instanton ADHM =4> Instanton 

In this subsection, we start with a some noncommutative instanton A. Let 
be the covariant derivative associated with the given noncommutative instanton 
connection A^ 1 . We introduce £, % by 

D fl *D fl *£=0, D fl -kD fl -kx = -4vn/> (B.29) 

with the boundary conditions as |x| — )■ 00: 

f^, X->-4^- (B.30) 



Lemma B.5. Zei V &e 



r- ( f f ). (B.:U) 



X 1 
T/ien 

Vt*V = 0, F t *V = Ij Vx j V . (B.32) 

Proof 8. T/ie identity D^-kD^-k^ = implies that D^-k^ can be written as a linear 
combination ofipa^: 

D lx *£ = 4,a lx L, (B.33) 
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where L is a 2k x N matrix. By orthonormality, 



= [dSl \x\ 2 x»aJ^J-*gi) = -AttS\ (B.34) 
J 7r|x| 4 

which implies 

Dp*£=-TT$a li Sft. (B.35) 

A similar computation gives 

Dp * X = n"4 ) o- f jT* — TTt^a^ * x' . (B.36) 
From KB. 35}) and KB. 36)) . we have 

Dp ★ = -vn/> * 07, V f . (B.37) 
We show that * V = 0. Note that 

D M *(v f *v) = (.D M *F t )*v + y t *a M v 

= -vr^*(a M V t )*V + y t C(T / „ (B.38) 



where we use (5.37). T/zen 

D^D^yUv) = -7r^*o- jU ((^V t )*V + VU^V) + ( J D /i *V t )C(T / , 

= -7r^*cr M (C t o- M V + V t (7 M C + V t C(7 M ) = (B.39) 

j4s we saw in Section^ the Green's function of * = Aa exists. Therefore, 
we obtain (W * V) = 0. 

We now verify that -kV = InxN- *V is a covariant constant, as 

z>„*(W*v) = (D M *y t )*y + y t *(D /i *v rt )t 

= -Trf^^vUF + yUVff^i/i^O, (B.40) 

5y its asymptotic behavior, * V — > g~ x -kg = InxN, shows that V' *V = InxN- 

□ 

Finally, we show the uniqueness of the noncommutative ADHM instanton. 
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Theorem B.6. Let A'^ be a noncommutative ADHM instanton constructed from 
V, i.e. A'^ = * d^V , where V is defined in W.31\) . Then, A' is equal to A: 



A', = A,. (B.41) 



Proof 9. 



4 = vUd^v 



= vU{d^v -v*a^) + vUv*a^ 

= -ttW * V * cr^ + A fl = Ap. (B.42) 

□ 

C Gauge Group Elements 

In this Appendix, we study the conditions forced by the choice of the U(N) gauge 

oo 

group. If g £ G then g^ * g = InxN- By expanding g as g = g^h 1 , each term in 

i=0 

the equation g^ * g = InxN is given by 

H° : (pt)(°y<>) = W (C.l) 

h 1 : (5 f ) (i y o) + foW 1 ' + V^( 5 t)(°)^(°) = o (C.2) 

h n . (fl t ) (nyo ) + (5 t ) (o) 5 W + J- JL( (5 t)M ( ^ )P5 (0) =0 (C.3) 

(p;m,l)£l(n) 



(JCU) show that g(°^ is an element of the U(N) gauge group in commutative space. 
Let us introduce a N x N Hermitian matrix 4>(x) by g^ = exp iecj) with infinitesimal 
gauge parameter e. By expanding g^ as 

oo oo 

9 m = E^=E^+4^ (C4) 

k=0 k=0 
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where and A^ 1 are Hermitian part and anti-Hermitian part of gjp , respectively, 
()C,2p becomes 

e° : = (C.5) 

e 1 : H?="-{A^M (C.6) 

e 2 : ^ 1 ) = ^|i{4 1 ),^ } + i[jf/ ( 1 ), (/)] _ i{ 4 1 ) 50} + V^ M ^| (C.7) 



e 3 



These conditions show that we can chose A^ freely, and the choice of A^t deter- 
mines . For example, it is possible to choose grW as a non-zero constant matrix 
in the limit as |x| —> oo. Therefore we can not ignore the asymptotic effect of g^ 
in the estimation of the ADHM data as mentioned in Section [5j 
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